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FINITENESS OF NONZERO DEGREE MAPS BETWEEN 
THREE-MANIFOLDS 

YILIU 



Abstract. In this paper, we prove that every orientable closed 3-manifold dominates at 
f-^' most finitely many homeomorphically distinct irreducible non-geometric 3-manifolds. More- 

over, for any integer d > 0, every orientable closed 3-manifold ^-dominates only finitely 
many homeomorphically distinct 3-manifolds. 



1. Introduction 



H, 

rn , Let M, N be two orientable closed 3-manifolds. For an integer c/ > 0, we say that M 

d-dominates N if there is a map f : M ^ N of degree d up to sign. We say M dominates 
N if M fif-dominates A^ for some integer li > 0. In this paper, we prove the following result: 



Theorem 1.1. Every orientable closed 3-manifold dominates at most finitely many home- 
omorphically distinct irreducible non-geometric 3-manifi?lds. 

»vj ! In [BRW], Michel Boileau, Hyam Rubinstein and Shicheng Wang asked the question: 

^ , Question 1.2. Does every orientable closed 3-manifold dominate at most finitely many 

ly-s ' irreducible 3-manifolds supporting none of the geometries S^, SL2, or Nil? 



Note that any orientable closed 3-manifold supporting the geometry S , SL2, or Nil 
dominates infinitely many homeomorphically distinct 3-manifolds supporting the same 
geometry. Combined with known results for geometric targets. Theorem 1 . 1 completes a 
positive answer to Question 1.2, (cf. Section 2 for details). With a little extra effort, we 
can also deduce the following corollary, which in particular answers an earlier question of 
Yongwu Rong [Ki, Problem 3.100]: 

Corollary 1.3. For any integer d > 0, every orientable closed 3-manifold d-dominates 
only finitely many homeomorphically distinct 3-manifolds. 

Rong's original question asked only about 1 -dominations. By around 2002, many partial 
results had been proved, including a complete aflirmative answer to Rong's question in the 
geometric (target) case, contributed from diff'erent people ([So], [WZ], etc.). Here we 
refer the reader to an earlier survey [Wa] of Shicheng Wang. Those studies clarified the 
right expectation about finiteness of targets under dominations, eventually formulated as 
Question 1.2. We refer the readers to the introduction of [BRW] for more recent results on 
this topic. 

The main technique of proving Theorem 1. 1 is the presentation length estimation, as was 
used in [AL]. However, [AL] was concerned about knot complements, so the complexity 
of gluings was reduced to the complexity of geometric pieces using the desatellite trick. 
That trick does not work in general. As we shall see in Section 2, the finiteness of gluings 
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becomes an essential issue to address in our current context. To illustrate the idea, let us 
assume at this point that M is an orientable closed 3 -manifold that dominates an orientable 
closed 3 -manifold A^ obtained from gluing two one-cusped hyperbolic 3 -manifolds along 
the toral boundaries. Pulling straight / with respect to the hyperbolic geometry on both 
of the pieces, the area of /(M'^') should be at least the area in the neighborhood of the 
cutting torus T c N, namely, the sum of its areas within the (Margulis) cusps. When the 
gluing is complicated enough, there is at most one slope a on T which is short (i.e. no 
longer than some given bound imposed by M) on both sides. Pretend that f{M^^^) n T 
could be homotoped in T into a regular neighborhood of a, then f : M —^ N factors 
through the drilling N - a homotopically, so it cannot have nonzero degree. This provides 
an a priori upper bound on the complexity of gluings under the domination assumption. 
Similar as in [AA^, Theorem 3.2], such factorization is not real in general, but it works in 
certain 'homological sense'. This is satisfactory enough for our applications. When Seifert 
fibered pieces are involved, the bound of the local complexity of gluings on each JSJ torus 
is not enough to determine the target A^ up to finitely many possibilities, so one should also 
count the total complexity of gluings on all the boundary components of a Seifert fibered 
piece. However, the spirit is similar to the local case. Finally, we remark that a significant 
shortcut in our treatment is Lemma 5.7, which uses a Poincare-Lefschetz duality argument 
as a substitution of the factorization argument. 

In Section 2, we give a brief review of the background and reduce the proof of Theorem 
1.1 to bounding the complexity of gluings. In Section 3, we introduce the notion of dis- 
tortion measuring the complexity of gluings. In Section 4, we show that any bound on the 
(primary average) distortion yields finiteness of gluings. In Section 5, we prove Theorem 
1.1 by bounding the distortion of the targets. In Section 6, we prove Corollary 1.3 by gen- 
eralizing previously known arguments for geometric target cases. In Section 7, we point 
out some further directions for studies in the future. 

Acknowledgement. The author is grateful to his thesis advisor Ian Agol for many helpful 
conversations. The author also thanks Hongbin Sun, Shicheng Wang for valuable commu- 
nications. 

2. Background 

In this section, we review some known results, and explain how to reduce our problem 
to the finiteness of gluings. For standard terminology and facts of 3-manifold topology, cf. 
[Ja], and for the Geometrization Theorem, cf. [Th 1 ], [MF]. 

Suppose A^ is an orientable closed irreducible 3-manifold. The Geometrization Theo- 
rem asserts that there is a canonical geometric decomposition cutting A^ along a minimal 
(possibly empty) finite collection of essential tori or Klein-bottles, unique up to isotopy, 
into compact geometric pieces, namely each supporting one of the eight 3-dimensional ge- 
ometries of finite volume. This may be regarded as a graph-of-spaces decomposition of A^, 
cf. Subsection 3.1. 

When A^ is not itself geometric, all the pieces are either atoroidal, supporting the H^- 
geometry, or Seifert-fibered, supporting the H^ x E' -geometry. When A^ is geometric, it 
is either atoroidal, supporting the H'' -geometry, or Seifert-fibered, supporting one of the 
six geometries H^ xE', SL2, E^, Nil, S^ x E' or S"', or otherwise, supporting the Sol- 
geometry. The geometry of the Seifert-fibered case can be determined according to the 
sign of the Euler characteristic ;t' e Q of the base-orbifold and whether the Euler number 
e e Q of the fiberation vanishes. 
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The geometric decomposition of A^ usually coincides with the Jaco-Shalen-Johanson 
(JSJ) decomposition if one regards a compact regular neighborhood of each cutting Klein- 
bottle as a JSJ piece. The only exception occurs when A^ is Sol-geometric, and in this case, 
A^ has a nontrivial JSJ decomposition cutting A^ along an essential torus into either one 
orientable thickened-torus (i.e. the trivial interval-bundle over a torus) or two orientable 
thickened-Klein-bottles (i.e. the interval-bundle over a Klein-bottle whose bundle space is 
orientable). 

In [BRW], Boileau, Rubinstein and Wang bounded the allowable JSJ pieces in an irre- 
ducible 3-manifold A^ dominated by an orientable closed 3-manifold M: 

Theorem 2.1 ([BRW, Theorem 1.1]). Let M be an orientable closed 3-manifold. Then 
there is a finite collection of orientable compact irreducible atoroidal or Seifert-fibered 3- 
manifolds with (possibly empty) incompressible tori boundary, such that for any orientable 
closed irreducible 3-manifold N which supports none of the geometries S , SL2 or Nil, ifN 
is dominated by M, then any JSJ piece ofN is homeomorphic to one of these 3-manifolds. 

Moreover, the finiteness of Sol-geometric targets under domination has been proved in 
[BBW]: 

Theorem 2.2 ([BBW, Corollary 3.6]). Every orientable closed 3-manifold dominates at 
most finitely many distinct Sol-geometric 3-manifolds. 

Therefore, to give a positive answer to Question 1.2, one still needs to bound the number 
of allowable targets that are non-geometric. This motivates Theorem 1.1. 

Now suppose M is an orientable closed 3-manifold, and A^ is an irreducible non-Seifert- 
fibered 3-manifold dominated by M. It has been pointed out in [BRW, Lemma 4.2] that the 
Kneser-Haken number h{M) (i.e. the maximal possible number of components of essential 
subsurfaces) of M bounds that of A^, so the number of geometric pieces of A^ is at most 
h{M) H- 1, and the number of cutting tori and Klein-bottles of A^ is at most h{M). Thus 
there are at most finitely many allowable isomorphism types of the underlying graph of 
the geometric decomposition of A^. As A^ is non-geometric, the allowable homeomorphism 
types of geometric pieces have been bounded already, so our goal is to bound the allowable 
ways to glue these pieces up. 

3. Distortion of 3 -manifolds 

In this section, we introduce a geometric notion called the primary average distortion 
which measures the obstruction for an orientable closed irreducible 3-manifold to being 
geometric. For convenience, we prefer to define this for gluings, and it naturally implies 
the definition for 3-manifolds by the geometric decomposition. 

3.1. Gluings of geometric pieces. Let A^ be an orientable closed irreducible 3-manifold. 
The geometric decomposition splits A^ as a graph-of-spaces, where each vertex corresponds 
to a geometric piece, and each edge corresponds to a cutting torus or Klein-bottle, joining 
vertices corresponding to the adjacent pieces. Since the regular neighborhood of a cutting 
Klein-bottle in A^ has only one boundary component, its corresponding edge has only one 
end, and should be regarded as a 'semi-edge'. 

We introduce the notion of gluings in terms of graphs-of-spaces. Throughout this paper, 
we shall use the term graph specially meaning a graph possibly with semi-vertices and 
semi-edges. Precisely, a graph in our sense is a finite CW 1 -complex A with a (possibly 
empty) subset of loop-edges marked as semi-edges, and with a (possibly empty) subset 
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of vertices marked as semi-vertices. We shall refer to other vertices and edges as entire- 
vertices and entire-edges, respectively. A entire-edge has two ends, but a semi-edge has 
only one. The valence of a vertex v is the number of distinct ends adjacent to v. For a graph 
A, we denote its set of vertices as Ver(A), and its set of edges as Edg(A). The set of ends- 
of-edges Edg(A) is a branched two-covering of Edg(A) singular over all the semi-edges. 
The covering transformation takes every end 5 to its opposite end 6, of the same edge that 
6 belongs to. See Figure 1 for an illustration. 




Figure 1. A graph with one semi- vertex and one semi-edge. It could 
be the graph of the geometric decomposition of a 3 -manifold with seven 
geometric pieces, and eight cutting tori, and one cutting Klein-bottle. 
The semi-vertex corresponds to an H^ x E' -geometric piece fibering 
over a non-orientable base-orbifold with two boundary components. The 
JSJ graph of this 3-manifold would have an edge instead of the semi- 
edge, which has a leaf vertex corresponding to an orientable thickened- 
Klein-bottle piece. 



Definition 3.1. Apreglue graph-of-geometrics is a finite graph A, together with an assign- 
ment of each vertex v e Ver(A) to an oriented, compact, geometric 3-manifold 7,, whose 
boundary consists of exactly «,, incompressible tori components, where «,, is the valence 
of V, and with an assignment of each end-of-edge 6 € Edg(A) adjacent to v to a distinct 
component Ts of 57,. with the induced orientation. We require a semi-vertex be assigned 
to a Jy containing an embedded orientable thickened-Klein-bottle, and an entire vertex be 
assign to a 7,. not as above. Let J' be the disjoint union of all 7,.'s. We often ambiguously 
denote the preglue graph-of-geometrics as (A, J'). 

Remark 3.2. It follows from the definition that a semi-vertex v 6 Ver(A) can be character- 
ized by that 7,, c ^ is Seifert-fibered with a non-orientable base-orbifold. 

Definition 3.3. A gluing of a preglue graph-of-geometrics {K,J') is an assignment of 
each end-of-edge 6 e Edg(A) to an orientation-reversing homeomorphism (ps : Ts ^ Tg 
between the tori assigned to 6 and its the opposite end S, up to isotopy, such that (p^ = 0^' 
for any end-of-edge 6. Let: 

(p-.dj-^ dj, 

be the orientation-reversing involution defined by all <ps's. We often denote the gluing as 
(f>, and denote the set of all gluings of {A,JJ) as <S>{A,J'). 

A gluing cf> is said to be nondegenerate if it does not match up ordinary-fibers in any 
pair of (possibly the same or via semi-edges) adjacent Seifert-fibered pieces. 

For any gluing (p e <1>(A, J), one obtains a naturally associated orientable closed 3- 
manifold A^^ from J' by identifying points in dJ' with their images under (p. It is clear that 
N,p has the same geometric decomposition as prescribed by (A, J') and (p if and only if <f> is 
nondegenerate. 
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Let Mod(5j7) be the special mapping class group of dj', consisting of isotopy classes 
of component-preserving, orientation-preserving self-homeomorphisms of dJ'. There is a 
natural (right) action of Mod(5jr) on Q>{K,J^. In fact, abusing the notations of isotopy 
classes and their representatives, for any r e Mod(5Jl, and e <I>(A, J'), one may define 
0^e(l)(A,J)tobe: 

^^ — T^ O (p O T, 

namely, {(p^)s - t^' o (pg o Tg for each end-of-edge 6 € Edg(A), where Tg 6 Mod(r5) is 
the restriction of t on the torus Tg. It is straightforward to check that this is a well-defined, 
transitive action. 

Definition 3.4. Two gluings 0, (p' e <!>( A, J') are said to be equivalent if cp' - (p^ for some 
T € MoA{dJ') that extends over JT as a self-homeomorphism. Hence equivalent gluings 
yield homeomorphic 3 -manifolds. 

3.2. Quadratic forms associated to gluings. We introduce a positive-semidefinite qua- 
dratic form q^ on H\ {dj'\ R) for a gluing € <t>( A, J'), which is nondegenerate if and only 
if so is 4>- 

Suppose J is an orientable compact geometric 3-manifold with nonempty tori boundary. 
Then dJ consists of tori components, and / supports either the geometry H^ or H^ X E'. In 
both cases, there is a natural positive-semidefinite quadratic form: 

qy: H,{dJ-K)^K, 

on Hi(dJ\ R) as follows. 

If / is atoroidal, the interior of J has a unique complete hyperbolic metric p of finite 
volume by the Mostow rigidity, so we denote the /geo = {J,p)- Then the induced conformal 
structures on the cusps endow H\ {dJ; R) with a canonical norm. Specifically, let e > be 
a sufficiently small Margulis number of H^, so that the compact e-thick part J^^^ of /geo 
removes only horocusps of /geo. Then dJ^^^ is a disjoint union of tori r' U ■ ■ ■ U T* with 
induced Euclidean metrics, canonical up to rescaling for sufficiently small e. We rescale 
the Euclidean metric on each T^ so that the shortest simple closed geodesic on T^ has 
length 1. This rescaled metric induces a Euclidean metric on the universal covering of 
T\ and hence defines a canonical positive-definite quadratic form qj-, via the naturally 
induced inner product on Hi{T^; R). We define the positive-definite quadratic form qy on 
//i (57; R) = //i ( r ' ; R) e ■ ■ ■ e //i ( r« ; R) to be the direct sum of the quadratic forms on its 
components. 

If J is Seifert-fibered, as it supports the geometry H" x E', there is a canonical short 
exact sequence of groups: 

induced from the Seifert-fibration, where O is the hyperbolic base-orbifold. For any com- 
ponent T c dJ, we regard 7Ti(T) as a subgroup of 7i\{J), so we may first define for any 
(, € H\{T; Z) = n\{T) that qy(^) equals the square of the divisibility of p{() e ni{0) if piO 
is nontrivial, and equals zero if piO'is, trivial. This extends to a unique positive-semidefinite 
quadratic form qy on H\{T; R) which vanishes on the ordinary-fiber dimension. We define 
the positive-semidefinite quadratic qy on H\{dJ; R) by summing up the quadratic forms on 
its components. 

Definition 3.5. Suppose (A, J') is a preglue graph-of-geometrics, and (p € 0(A, J') is a 
gluing. For any end-of-edge 5 e Edg(A), let v, v' be the vertices adjacent to 5 and its 
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opposite 6, respectively. For any ( e H\{Ts; R), we define: 

Note this is also well-defined when 6-5. We define the positive-semidefinite quadratic 
from q0 on: 

//i(5J-;R)= //,(r,;R), 

rfeEdg(A) 

to be the direct sum of the quadratic forms on its components. 

In other words, q^ is the quadratic form pulled back from the graph of 0» : H\ (dST', R) —^ 
Hi (dj'; R), namely the image of id e 0« in (Hi (dj'; R) Hi (dj'; R), (\aj © (\dj)- It is clear 
that q^ is positive-definite if and only if is nondegenerate. Thus in this case, Hi [dJ'; R) is 
a Euclidean space with the induced inner product structure. We also remark that equivalent 
gluings induce the same quadratic form. 

3.3. Distortion of gluings. Given a preglue graph-of-geometrics (A, Jl, we first intro- 
duce average distortions of a gluing e 0(A, JT) at vertices and along edges of A. Roughly 
speaking, these measure the local complexity of a gluing, or more precisely, the local ob- 
struction to extending the geometry across these objects. 

Recall that for any free Z-module V of finite rank n > 0, and a quadratic form q on 
Vr = y ®z R over R, the discriminant: 

A(V, q) 6 R, 

is the determinant of the associated bilinear form of q over a (hence any) basis of V. When 
q is positive-definite, it equals the square of the volume of the «-dimensional flat torus 
Vr / y with the Euclidean structure of yR induced from q. 

Definition 3.6. Let e 0(A, J^ be a gluing, and let e e Edg(A) be an (entire or semi) 
edge. We define the average distortion (or simply, the distortion) of along e as: 

^ei<P) = A{HiiTs;Z), a^y , 

where 6 is an end of e. Note the definition does not depend on the choice of the end. 

Definition 3.7. Let <p e <1>(A,^) be a gluing, and let v 6 Ver(A) be a vertex of valence «,,. 
Suppose n,, > 0. If v is an entire-vertex, we define the average distortion (or simply, the 
distortion) of (p at v as: 

^,,(0) = A{dM2iJr,dJ,;Z), q^)^ , 

where d^HiiJ^, dJv', Z) denotes the image of HiiJv, dJ^', Z) in Hi{dJ'; R) under the natural 
boundary homomorphism. If v is a semi-vertex, 7,, is Seifert-fibered with a non-orientable 
base-orbifold. Let /,, be the double covering of /,, corresponding to the centralizer of its 
ordinary-fiber, and let q^j on Hi(dJi,; R) be the direct sum of the quadratic forms on each 
component Hi{T; R) pulled back from q^, where f c dJi.. We define: 

&,{<P) = A{dM2{l,dl;Z), q^)^ . 

We also define ^,,(0) = if n, = 0. 

Remark 3.8. Note the definition of average distortion along entire edges can be restated in 
a similar fashion if one takes a compact regular neighborhood 1/^, of T^ in place of the role 
of y,, above, because dMiWe^dtle^Z) = Hi{T^) is a canonical isomorphism. One can 
also restate the definition of average distortion along semi-edges. 
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Definition 3.9. Let cp € ^{K,J') be a gluing of a preglue graph-of-geometrics [A, J'). We 
define the primary average distortion (or simply, the primary distortion) of cp as: 

&a(4>) = max {%{((>), %{4>) I V e Ver(A), e e Edg(A)). 

For any orientable closed irreducible 3-manifold A^, we may realize A^ by the natural non- 
degenerate gluing (p of the preglue graph-of-geometrics (A, J') associated to its geometric 
decomposition, so Xhc primary distortion of N is defined as: 

&iN) = ^a(0). 

This is clearly well-defined. 

Remark 3.10. The adjectives 'average' and 'primary' suggest there could be other rea- 
sonable formulations of local and global distortions. For instance, at an entire-vertex, we 
actually think of the average distortion as the geometric mean of 'the distortions on the 
principal directions' on dtHiiJy, dJ^; R) with respect to the Euclidean norm defined by q^ 
and the lattice d,H2(Jv, dJy\ Z). The same idea applies to entire-edges and we think of 
average distortions for semi objects as the average distortions after passing to a natural 
double covering. 

The distortion measures how far the 3-manifold is from being geometric: 

Lemma 3.11. For an orientable closed irreducible 3-manifold N , the primary distortion 
S!{N) vanishes if and only ifN is geometric. 

Proof. It follows immediately from the fact that geometric decompositions must not match 
up ordinary-fibers in adjacent Seifert-fibered pieces. In fact, as the associated gluing is 
nondegenerate if A^ is non-geometric, no average distortion vanishes along any edge. n 

Passing to finite covering of the graph preserves the primary distortion: 

Lemma 3.12. IfN is a finite covering of an orientable closed irreducible 3-manifold N, 
so that every geometric piece J <Z N covers is its underlying image J <Z N either homeo- 
morphically, or doubly corresponding to the ordinary-fiber centralizer (only if J is Seifert- 
fibered over a non- orientable base-oribifold), then &{N) — 2!{N). 

Proof. This follows immediately from definition. In fact, the induced finite coverings of 
the graphs A — > A (regarded as 'orbi-graphs') has the same index, and it preserves the 
average distortion at vertices and along edges. n 

4. Distortion and gluings 

In this section, we show a finiteness result that there are only finitely many homeomor- 
phically distinct orientable closed irreducible 3-manifolds obtained from nondegenerate 
gluings of a nontrivial preglue graph-of-geometrics with bounded primary distortion. This 
is an immediate consequence of the following: 

Proposition 4.1. Let (A, JT) be a preglue graph-of-geometrics. For any C > 0, there are 
at most finitely many distinct nondegenerate gluings (p € <1>(A, J7") up to equivalence, such 
that ^aW < C. 

We prove Proposition 4. 1 in the rest of this section. Our strategy is as follows: using dis- 
tortion along edges, we bound the allowable gluings up to fiber-shearings (see Definition 
4.2 below); then using the distortion at Seifert-fibered vertices, we shall bound the allow- 
able indices of fiber-shearings, and hence the allowable gluings up to equivalence. This 
will prove Proposition 4. 1 . Note distortion at atoroidal vertices is not used in our proof. As 
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we shall explain in Subsection 4.4, this is imphed as the distortion at an atoroidal vertex is 
bounded in terms of the distortions along its adjacent edges. 

4. 1 . Fiber-shearings. We introduce an operation called a fiber-shearing for a gluing (f> e 
<1)(A, JT). It corresponds to a surgery on an ordinary fiber of a Seifert-fibered piece of the 
associated 3-manifold A^^, which preserves the base-orbifold. 

Recall that for an oriented torus T and a slope y <zT, the (right-hand) Dehn-twist along 
y is self-homeomorphism Dy € Mod(r) so that Dy{Q - (,+ {^,y)y for any slope ^, where 
(■, ■) denotes the intersection form. Note this does not depend on the direction of y. For 
any integer k, a k-times Dehn-twist along y is known as the ^-times iteration D^. 

Definition 4.2. Let (A, J') be a preglue graph-of-geometrics. We say r € Mod(5J") is a 
fiber-shearing with respect to (A, J") if for each end 5 e Edg(A) adjacent to a vertex v, 
Tji € Mod(r^) is either the identity, if /,, is atoroidal, or a A:^-times Dehn-twist along the 
ordinary-fiber, where kg is an integer, if Jy is Seifert-fibered. The index of r at a Seifert- 
fibered vertex v is the integer: 

kvij) = 2j ^'S' 

SeEigiv) 

where Edg(v) denotes the set of ends adjacent to v. For any gluing 4> £ 'l'(A,JD, the 
fiber-shearing of (f) under t is the gluing (j/ e <D(A, J'). 

Note that the index is additive for products of fiber-shearings. 

Lemma 4.3. Fiber-shearings of the same index at all Seifert-fibered vertices yield equiva- 
lent gluings. 

Proof. It suffices to show that a fiber-shearing with zero index at all Seifert-fibered vertices 
does not change the equivalence class of a gluing. This follows immediately from the fact 
that for any pair of boundary tori T, T' in a Seifert-fibered piece J, there is a properly 
embedded annulus A bounding a pair of ordinary-fibers, one on each component. As the 
annulus A is two-sided when / is oriented, there is a well-defined Dehn-twist on / along 
this annulus, restricting to a right-hand Dehn-twist on T and a left-hand Dehn-twist (i.e. 
the inverse of a right-hand Dehn-twist) onT'. □ 

4.2. Distortion along edges. In this subsection, we show that distortion along edges 
bounds nondegenerate gluings up to fiber-shearings. This follows from a general fact about 
twisted sum of positive semi-definite quadratic forms. Although we shall only apply the 
rank two case of Proposition 4. 5 in our estimations, it might be worth pursuing a little more 
generality for certain independent interest. 

We first mention an easy fact in linear algebra. 

Lemma 4.4. Let V be a free Z-module of finite rank n > 0, and q be a positive-definite 
quadratic form on Vr = V ®z R- For any C > 0, and any integer < k < n, there are at 
most finitely many rank-k submodules W ofV with the discriminant A(W, q) < C. 

Proof. Fix a basis ei, ■ ■ ■ , e„ of V. It suffices to prove for the Euclidean form qo induced 
by the fixed basis as an orthonormal basis, since the nondegeneracy ensures A{W, Qq) < /I ■ 
A( W, q) for some A> depending only q. Note that rank-A: submodules of V are in bijection 
with rank-1 submodules of A*y, represented by primitive elements we A*y up to sign. As 
A^' V has a natural inner product with a standard orthonormal basis {e,, A ■ ■ ■ A e,, | 1 < /'i < 
•• • < ik < n], for any +w e A*y representing W, the well-known Cauchy-Binet formula 
implies: 

A(W, qo) = \\w\t 
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where ||'|| is the norm induced from the inner product structure. As w is an integral linear 
combination of the basis vectors, there are at most finitely many primitive w's satisfying 

llwll < C. D 

Let y be a free Z-module of finite rank n > 0. The special linear group F - SL(y) 
acts naturally (from the right) on the space of quadratic forms on Vr, namely, any t e F 
transforms a quadratic form q into the composition qr. We write the stabilizer of q in F as 
Fq. We say a quadratic form q has rational kernel with respect to the lattice V c Vr, if 
the kernel C/r of (the associated bilinear form of) q in Vr intersects V in a lattice (i.e. a 
discrete cocompact subgroup) U c [/r. 

Proposition 4.5. With notations above, let q, q' be two positive-semidefinite quadratic 
forms on Vr over R with rational kernels with respect to V. Note that the value of 
A(V, qcr + q') depends only on the double-coset FqCrFc,'. Then for any C > 0, there are 
at most finitely many distinct double-cosets FqCrF^- ofY, such that the discriminant: 

< A(y, qcr + q') < C. 

Proof. We denote the unit-balls of q and q' as B and B', respectively. The unit-ball B^ of 
qcr + q' is clearly contained in cr^^{B) n B' . When A(y, qcr + q') > 0, B^ is compact, but B 
or B' may be noncompact if q or q' are degenerate. See Figure 2. 



o--'(B) 




Figure 2. The unit balls, illustrated as n = 2 and k - k' - 1 . 



We claim that for any C > 0, there exists some compact subset: 

KcVr, 

such that for any cr e F with < A{V, qcr + q') < C, there is some r' € F,/, such that the 
unit-ball Ba-r' of q(crr') + q' is contained in K. 

To prove this claim, we need to understand the action of Fq-. Let t/^ be the kernel of q', 
of dimension k', and let U' = f/g n V be the sublattice intersecting V. As q' has rational 
kernel, U' also has rank k', and V splits as U' © L' for some sublattice L' of rank n — k' . 
Pick a basis ^[,- ■ ■ , ^^, of U' and a basis ^^,^j , • ■ ■ , ^^ of L'. Hence they form a basis of V. 
Now Fq' has a free abelian subgroup H' generated by the 'elementary shearings' t,' e F, 
defined for any 1 < / < k', and k' + 1 < j < n, by the identity on all the basis vectors except 
for: 
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In particular, 11 fixes the subspace U^. Moreover, r^,' lias a natural subgroup isomorphic 
to SL(f/')> acting on the U'^ factor while fixing the Lg factor In fact, these two subgrops 
generate a finite-index normal subgroup of F^,/, which is a semidirect product 11' x SL{U'). 
We fix a reference Euclidean metric on Vr with the orthonormal basis ^[,- ■ ■ ,f,',, and 
denote the induced m-dimensional volume measure on any m-dimensional subspace as fi„, . 
It will be also conventient to make the convention that the zero-dimensional volume of 
the origin is one. The volume of Bq- is proportional to the reciprocal of the square root of 
A(V', qcr + q'), indeed: 

l^iAOa-) - T' 

A(V,qo-+q')-- 

where io„ - „f' ~n, is the volume of an n-dimensional EucUdean unit-ball. Thus the 
assumption < A(y, qcr + q') < C is equivalent to: 

— — < UniBo-) < oo. 

Vc 

Up to a composition by some r' in SL(t/') < Fq/, we may first assume cr^^B) n C/^ is 
bounded within a uniform distance Di > from the origin. In fact, for any cr e F, we have: 

^ < n„{B^) < ^iAcr-HB)nu'j,)-n„-AB'n(Ui,y), 

so JU^•' (cr ' (B) n U^) is bounded below in terms of C. On the other hand. 



Mcr-'{B)nu^) = 



A([/',qcr)2 A{o-{U'),q)-- 



and A(cr(C/'), q) further equals the discriminant of the embedded image cr(U') of cr{U') in 
the quotient V / U, with respect to the induced nondegenerate quadratic form q. Thus, the 
uniform lower bound of jUj:'(cr"'(B) n U^) yields a uniform upper bound of A(cr(f/'), q). 
By Lemma 4.4, at most finitely many rank-A:' submodules of V / [/ are allowed to be the 
image (t{U'). Furthermore, if two images croiU') and cri(U') coincide, the identification 
pulls back to be an isomorphism t' in SL(U'), so that cri = o-qt' restricted to U'. In other 
words, there are at most finitely many cr^^(B) n U^ up to compositions by elements of 
SL([/') < Ft,'. Hence they can be bounded uniformly within a uniform distance Di > 
from the origin. 

Now we also pick a splitting V - U ® L, and correspondingly pick a basis ^i , ■ ■ ■ ,^k 
of U and a basis ^k+\, ■ ■ ■ ,^n of L, in a similar fashion as before. For any cr e F with 
■^ < n„{Bcr) < CO, we can find k + I < ji < J2 < ■ ■ ■ < jh ^ n, where h - n- k- k', such 
that U^ is transversal to the subspace: 

ct-\Ur®Hr), 

where Hr is spanned by ^j^,■ ■ ■ , f j,, . 

Let cr be as above. Up to a composition by some r' in 11 < F,/ , we may further assume 
cr ' ([/r © Hr) n B' bounded within a uniform distance D2 > from the origin. In fact, we 
may find vectors: 

for each k' + I < j < n, such that the //'. together span cr^'^{UR © Hr). Note t,j fixes 77,' 
when / ^ j, and changes only the /-th coordinate of 77' by -1- 1 . Thus, using err' instead of 
cr for some r' € 11, we may assume that < jij < 1 for all the y,/s above. Let R > Q 
be sufficiently large, so that every point in Lg n B' is bounded within in the radius R ball 
centered at the origin. Then every point in cr' ( L'^r © Hr) n B' is bounded within the radius 
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^|i</~¥\R ball centered at the origin, so we take this radius as the uniform D2 > 0. Note 
that for a different cr eY one may need to pick a different coordinate subspace //r < Lr, 
(indeed, there could be up to ("^ j choices), but the constant D2 > depends only on q'. 
Note also that this does not affect cr"'(B) n U'^ which we have already taken care of. 

Under the adjustment assumptions above, every vector v e Ba- can be written as u' + w, 
where u' e a-^^{E) n U'^, and w e cr"'(C/R © Hr) n B' for some appropriate //r. Thus, for 
any cr e F with < A(qcr + q') < C, we have shown that there is some r' e Fc,' so that 
Ba-T' is bounded within the uniform radius Di + Dn ball centered at the origin. Taking this 
uniform large ball as K, we have proved the claim. 

To complete the proof of Proposition 4.5, observe that there is a uniform positive lower 
bound of the length of the short-axis of the ellipsoid B^, provided that Bo- is bounded within 
K. This is clear because the volume UniBa-) is at least -^. It follows that for all such cr's, 
(qcr + q')(^,') is bounded by some uniform constant, for every \ <t <n. Suppose: 

o"(^,') = xa^i +---+x,„^„, 

where x,i, ■ ■ ■ ,x,„ are integers. Because q vanishes restricted to [/r and is nondegenerate 
restricted to Lr, we obtain a uniform upper bound for every xp, where k + \ < j < yi, and 
1 <t<n. Hence at most finitely many integers are allowed to be the the coefficients of the 
^k+\, ■ ■ ■ ,^n components. Moreover, whenever two ctq, cr\ coincide on these coefficients, 
they differ only by a post-composition of some r e F, which preserves U and induces the 
trivial action onV I U . Such a t belongs to F,, so F^,cro = ^^0-1 . 

To sum up, we have shown that for every cr e F with < A(qcr -1- q') < C, every left- 
coset crFq' contains a representative so that Bo- is bounded in some uniform compact set 
K, and that these representatives belong to at most finitely many distinct right-cosets Fqcr. 
This means there are at most finitely many distinct double-cosets FqCrFq'. n 

Lemma 4.6. Let (A, J') be a preglue graph-of-geometrics. For any C > 0, there are at 
most finitely many nondegenerate distinct gluings (p 6 <1>(A,^) up to fiber-shearings, such 
that %(cf)) < Cfor every edge e € Edg(A). 

Proof. Let (p e <1)(A, JT) be a nondegenerate gluing satisfying the conclusion. For any 
end-of-edge 6 e Edg(A), <ps : Ts — > Tg induces the quadratic form q^l = c^j'Cps + Qy on 
Hi(Tg;R), where J, J' are the pieces containing Tg, Tg, respectively. Pick a reference 
gluing i//g : Tg —^ Tg, then (pg = tpgcr for some cr e Mod(r,5). Write q = qy, and q' - qyi/'a, 
and F = Mod(Tg), then q^ on Hi{Tg;R) equals qcr + q' for some cr e F. Clearly the 
stabilizer F, of q in F is nontrivial only if J is Seifert-fibered, in which case F, is generated 
by a Dehn-twist along an ordinary-fiber on Tg; and the stabilizer F,' is nontrivial only if J' 
is Seifert-fibered, in which case F,' is generated by a Dehn-twist along an ordinary-fiber 
on Tg pulled back on Tg via ipg. By the assumption and the definition of edge distortion, 
A{Hi{Tg; Z), qcr+q') < C. Moreover, A{Hi{Ts;Z), qcr+i^') > because (/> is nondegenerate. 
Thus Proposition 4.5 implies that there are at most finitely many allowable types of (pg up 
to fiber-shearings. As (p : dj' — » dj' is defined by all the (pg's where 6 e Edg(A), we 
conclude there are at most finitely many nondegenerate gluings (p up to fiber-shearings, 
which have edge distortions all bounded by C. u 

4.3. Distortion at Seifert-fibered vertices. In this subsection, we show that distortion 
at Seifert-fibered vertices bounds nondegenerate fiber-shearings of a given gluing up to 
equivalence, and prove Proposition 4. L 
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Lemma 4.7. Let (A, J') be a preglue graph-of-geotnetrics, and (p 6 •5( A, JT) be a nonde- 
generate gluing. Suppose v 6 Ver(A) is a Seifert-fibered vertex. Then for any C > 0, there 
exists some K > 0, depending on C and (f>, such that whenever (jf is a fiber-shearing of(f> 
with !^v{<p'^) < C, the fiber- shearing index k^ij) satisfies |A:,,(r)| < K. 

Proof. There are two cases according to v being entire or semi. 

Case 1. V is an entire-vertex, i.e. J^ has an orientable base-orbifold. 

In this case, we pick consistent directions for all the fibers of 7,,, and for any end-of-edge 
5 adjacent to v, let As be the directed slope on Ts c dJy. Suppose the valence of v is «,, > 0. 
It is not hard to see that dtHiiJy, dJ^', Z) < Hi{dJv', R) has a rank-(n,, - 1) submodule; 



L„ = 



I Yj ''*['^'5]| Z '^ = 0' where /^ezL 

Vi5eEdg(v) i5eEdg(i') j 



and that there is an element: 

[ju,.]= Yj \M6]&dMi{Jy,dJ„-Z), 

(5eEdg(i>) 

such that for each 5 € Edg(v), [/v^] € H\{Ts, Z) and the intersection number {^s, As) - m,, 
where m,, > is the least common multiple of the orders of cone-points on the base- 
orbifold. Moreover, 

dM2{Jv,dJ,.;Z) = L,, e Z- [//„]. 

For simpUcity, we write q, q'" for q^, q^r. Note that q'" - q restricted to L,,. 

We estimate the value of q'" over the coset [fii.] + L,, ® R of dMiiJv, Jdv\ R)- For any 

[f] = i:<5eEdg(v)^^Mei.®R, 

<5eEdi(v) 

where m,, > is as above, and kg is the Dehn-twist number on Ts as in the definition of 
fiber-shearings. We have; 

2_^ {Is -H mkg) = m,l,,(T), 

SeEdg(v) 

SO if |^v(t)| > K, there must be one end 6* e Edg(v), such that \lg- -H nii.ks'l > Kjyiy,. Thus: 
q"([/^v.] + [f]) > o,{[^is'] + {l6^+m,.ki.)[A6.]) 

> 2 'I ^^'•^' + >nvks')[Ai']) - q ([ju^*]) 

2«i, 
where r,, = min^^g^^^.j q{[As]) and R,, = max^^gj-g^^.j q([ns]) are constants depending only 
on Jy and (p. Note r,, > because ^ is nondegenerate. 
Now we have: 

%m = (a(L,„ q) ■ inf {q([//.,] + [^]))) "" > (az.,. ■ (^ - R.) 

where A/,, = A(L,,, q) > because (p is nondegenerate. In other words, if !^i.{(p^) < C, we 
obtain an upperbound K > so that the absolute value of the fiber-shearing index A:,,(t) is 
bounded by K. 
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Case 2. v is a semi-vertex, i.e. 7,, has a non-orientable base-orbifold. 

In this case, let /,. be the double covering of /,. corresponding to the centralizer of 
ordinary-fiber as in the definition of the vertex distortion. Then dJy is a trivial double 
covering of dJy, and every fiber-shearing r e Mod(c?/,.) at v of index ^((t) lifts to a unique 
f G Mod(5/,.) of index 2^,,(t). As now /,, is Seifert-fibered over an orientable-orbifold, we 
reduce to the previous case, bounding the absolute value of 2^,,(t) by some K depending 
on C and 0. n 

Now we are ready to prove Proposition 4. 1 . 

Proof of Proposition 4.1. By Lemma 4.6, there are at most finitely many allowable types 
of gluings up to fiber-shearings. By Lemma 4.7, for each allowable fiber-shearing family 
{0'") as T e y[od{dJ~) runs over all fiber-shearings where is a reference nondegenerate 
gluing, there are at most finitely many allowable indices of t at any Seifert-fibered vertex. 
Hence by Lemma 4.3, there are at most finitely many distinct nondegenerated gluings up 
to equivalence with bounded primary distortion. n 

4.4. Distortion at atoroidal vertices: a remark. The reader may have noticed that dis- 
tortion at atoroidal vertices are not used in the proof of Proposition 4.1. The following 
lemma provides some reason behind. 

Lemma 4.8. Let (A, J^ be a preglue graph-of-geometrics, and v e Ver(A) be a vertex of 
valence «,,, corresponding to an atoroidal piece /,. C J'. Then for any gluing (p 6 ^{A., J^, 



M) < c ■ 



V<5eEdi(v) 



where Edg( v) denotes the ends-of-edges adjacent to v, and e{6) denotes the edge containing 
the end-ofedge 6, and C > is some constant depending only on the topology ofj^. 

Proof. For simplicity we rewrite 7,. as J, and n,, as n. Write the submodule d^HiiJ, dJ; Z) 
ofHi(dJ;Z) as W, and the subspace dMi{J,dJ;Vi) of Hi (57; R) as Wr. From the defi- 
nition, we have q^ > qy, both positive-definite on Hi{dJ;R), (cf. Subsection 3.2), so the 
unit-ball B^ of q^ is contained the (compact) unit-ball Bj of qy. It suffices to show for some 
Co > independent of (f>, 

A(W,q^)<Co-A(//i(57;Z),q^). 

Picking a basis of Hi {dJ\ Z) as an orthonormal basis, we fix a reference inner product of 
H\(dJ\W). Denote the induced 2« -dimensional volume measure as H2n, and denote the 
induced « -dimensional volume measure on Wr and on W^ as p„. It suffices to show for 
some Ci > independent of 0, 

A'2«(B0)<Ci-jU„(WRnB^). 

Note that: 

COo — 

P2n{B^) = -^ ■ fJ.„{WR n B^) ■ fi„{B^), 

where w,„ denotes the volume of an m-dimensional Euclidean unit-ball, and B^ is the image 
of the orthogonal projection of B^ to W^. The last inequality follows immediately as: 

ld„(B^) < id„(Bj), 

where Bj is the image of the orthogonal projection of Bj to W^. The right-hand side is 
finite, independent from 0. n 
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5. Domination onto non-geometric 3 -manifolds 

In this section, we bound the primary distortion of gluings under the assumption of 
domination, namely: 

Proposition 5.1. Suppose M is an orientable closed 3-fnanifold, and N^ is an orientable 
closed irreducible 3-fnanifold obtained from a nondegenerate gluing (p 6 <1>(A, JT) of a 
preglue graph-of-geometrics (A, J^. Then there exists some C > Q, such that if M domi- 
nates N^, then the primary distortion !3\{(p) < C. 

It is clear that Theorem 1.1 follows immediately from Propositions 4.1, 5.1, as equiva- 
lent gluings yield homeomorphic 3-manifolds by Definition 3.4. 

We prove Proposition 5.1 in the rest of this section. In Subsection 5.1, we reduce the 
proof to the case when the underlying graph A is loopless and entire, and we show this 
case in Subsection 5.2. 

5.1. Reduction to loopless entire graphs. We say a graph A is loopless if it contains no 
loop edge. We say a graph is entire if there is no semi-edge or semi-vertex. 

Lemma 5.2. If Proposition 5.1 holds under the assumption that A is loopless and entire, 
it holds in general as well. 

Proof. The idea is that A, as an 'orbi-graph', has covering A of index at most four which 
is loopless and entire. To be precise, suppose f : M -^ N^ is a nonzero degree map. We 
rewrite A^^ as A^ for simplicity. Take two copies Xq, Xi of the compact 3-manifold obtained 
by cutting A^ along a maximal disjoint union of incompressible Klein-bottles, and glue each 
component of dXo to a unique component of dXi according to the gluing pattern of A^. Then 
we obtain a double covering N' of A^, whose graph A' is entire, (possibly disconnected if 
A is itself entire). Now cut N' along the tori corresponding to the loop edges of A', and 
glue two copies of the resulting compact 3-manifold up according to the gluing pattern of 
A^'. Then we obtain a double covering A^" of A^', whose graph A" is loopless and entire, 
(possibly disconnected if A' is already loopless). Pick a connected component of N", and 
rewrite as A^. Thus N covers A^ of index at most four, and has a loopless entire graph A. 
Moreover, ^{N) - &{N) by Lemma 3.12. However, N is dominated by a (connected) 
covering M of M with index at most four, so &{N) is at most some c{M) > 0, where c{M) 
is a constant guaranteed by the assumption. Note there are only finitely many such M's, 
since ni{M) is finitely generated. Let C > be the maximum among all the c{M), as M 
runs over all the coverings of M with index at most four. Thus &k{4>) - ^(N) < C, as 
<f> e <1>(A, J') is a nondegenerate gluing. n 

5.2. The loopless entire graph case. In this subsection, we prove Proposition 5.1 for the 
loopless entire graph case, namely; 

Proposition 5.3. Proposition 5. 1 holds under the assumption that A is loopless and entire. 

We prove Proposition 5.3 in the rest of this subsection. In fact, we show that under the 
assumption of Proposition 5.3, the distortion ^,.(</') < C at any vertex v 6 Ver(A), where 
C > depends only on the triangulation number t{M) of M, i.e. the minimal possible 
number of tetrahedra in a triangulation of M; and similarly, i^e(0) < C for any edge 
e e Edg(A). Our approach here is similar to the method used in [AL, Section 3], and these 
distortions can also be bounded using the presentation length of 7i\{M) ([AL, Definition 
3.1]), if one prefers a group-theoretic point of view. However, to bypass unnecessary 
technicalities, we avoid formulating factorization results in this paper. 
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To simplify the notations, we rewrite A^^ and A^ in the rest of this subsection, and assume 
without loss of generality that A^ is not geometric. Let: 

r = \_\ T, cN 

eeEdg(A) 

be the union of cutting tori of A^ in its geometric decomposition, and let: 

ceEdg(A) 

be a compact regular neighborhood of 7~, cf. Figure 3. Note dIA can be naturally identified 
as the disjoint union of tori T^'s, where 6 e Edg(A), and the complement in A^ of the 
interior of 1/ can be naturally identified with the disjoint union of the geometric pieces J'. 
We make this identification throughout this subsection, so: 

Take a minimal triangulation of M, namely, a finite 3 -dimensional simplicial complex 
structure on M with the fewest possible 3-simplices. We often denote M*'' c M for the 
/-skeleton of M, where < / < 3. As there are f = t{M) tetrahedra, M*^* contains exactly 
2t triangles. Let: 

f -.M ^N, 
be a nonzero degree map from M to A^ as assumed. We may homotope / to be piecewise 
linear so that f'^{T) c M becomes a normal surface of minimal complexity with respect 
to the triangulation of M, (i.e. minimizing the cardinality of f^\T) n M*^''), and that 
f'^(tl) c M is an interval bundle over/ '(7~). 

To further adjust / by homotopy, we need some geometry of A^. Let e^ > be the Mar- 
gulis constant of H^, so every < e < £3 is a proper Margulis number of H^ (hence also of 
H^). For any < e < 63, we may endow A^ with a Riemannian metric p^ satisfying that for 
any v 6 Ver(A): if 7,, is atoroidal, then {Jy,pc) is isometric to the corresponding complete 
hyperbolic 3-manifold J^.^° with open e-thin horocusps removed; or if 7,, is Seifert-fibered, 
iJv,P(i)) is isometric to a corresponding complete tf x E' -geometric 3-manifold 7,^^° with 
open horizontal-e-thin horocusps removed. Here by horizontal we mean with respect to 
the pseudo-metric pulled back from the metric on the hyperbolic base-orbifold, so for in- 
stance, a horizontal-e-thin horocusp means the preimage in J^^° of a e-thin horocusp in 

With the Riemanian metric p^ on A^, one may speak of the area for any piecewise- 
linearly immersed CW 2-complex j : K —^ N, 01 for any integral (cellular) 2-chain of K. 
Specifically, note that for each hyperbolic 7,., there is an area measure on /"' (7i.)n/ir pulling 
back the hyperbolic area measure on 7,,, and for each H^ x E' -geometric 7,i, there is an area 
measure on /"'(7,i) n K puling back the horizontal-area measure on 7,i, (heuristically the 
area after projecting onto the base-orbifold, cf. [AL, Subsection 3.3] for details). Thus, the 
area of K with respect to / is known as the sum of the area measures of K nf^^ (7,,) for all 
V e Ver(A), denoted as Area(/(/r)); and the area of an integral 2-chain of K is the sum of 
the areas of its simplices weighted by the absolute values of their coefficients. 

With the Riemannian metric p^ on A^, we 'pull straight' /|mi-) within each 7,. relative to 
dJv, namely: 

Lemma 5.4. If e > is sufficiently small, then the map f : M ^> N can be homotoped 
relative to f^^itl), so that f{M^'^^) fi J' is ruled on each component of the image of the 2- 
simplices of M, and that the area ofM^^^ is at most 2tn, where t is the number of tetrahedra 
in the triangulation of M. 
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Proof. To sketch the proof, pick a subdivision of the components of M*^' \ {f^^ilJ) U 
M*'') into the fewest possible triangles. First homotope / relative to /"'(I/), so that the 
image of the sides of these triangles becomes geodesic in their corresponding pieces. Then 
relatively homotope / further, so that the image of these triangles becomes ruled in their 
corresponding pieces. If we fix /Im™' , as e ^ 0, the image of these triangles converges to 
geodesic (possibly degenerate) triangles in hyperbolic pieces, and to horizonally-geodesic 
(possibly degenerate) triangles in H^ x E' -geometric pieces (in the sense of being geodesic 
after projecting onto the base-orbifold). Moreover, for each 2-simplex of M^^', all except 
at most one triangle above contained in this 2-simplex becomes degenerate in the above 
sense, while the exceptional one has area at most n. Thus, for sufficiently small e > 0, the 
area of M^^' can be bounded by Itn where 2f is the number of 2-simplices of M*^* with 
our notations. Using standard hyperbolic geometry estimations, it is not hard to make the 
arguments above rigorous, but we omit the details here for conciseness. n 

Let £3 > denote the Margulis constant of H^. For each edge e adjacent to v, let: 

nv, c N, 

be the union of IJc together with the compact £3 -thin (or horizontal-e3-thin) horocusp 
neighborhoods of its adjacent pieces, (depending on e is entire or semi, there could be 
either two or one such horocusps). Possibly after an arbitrarily small shrinking of 'We, 
we may assume the union of 'We^ is still a compact regular neighborhood of T, prop- 
erly containing lA whenever e < ey, and we may also assume that f^^{&We) intersects 
M*^' in general positions, i.e. that any 2-simplex of M'^' is transversal to &We under 
/. As A is a loopless graph, each "We deformation-retracts to T^, so there is a quadratic 
form on the subspace d»H2i'Wi,,&We;R) of Hi{&We',R), naturally induced from q^ on 
H\{Ts\ R) © //i (Tj; R), where 6, 6 are the two ends of e. Furthermore, for each v € Ver( A), 
let: 

^Vy c N, 

be the union of 7,, together with all the 'Wg's where e runs over edges adjacent to v. See 
Figure 3. As A is a loopless graph, each 'W,. deformation-retracts to Jy, so there is a qua- 
dratic form on the subspace dtH^iSWy, 51V,,; R) of //i(5W,,; R), naturally induced from 
q0on//i(57,,;R). 

These ^j. 's and ^,,'s are natural geometric objects associated with the geometric de- 
composition of A^. The following isoperimetric comparison is the junction point between 
the geometric aspect and the quadratic forms associated to gluings: 

Lemma 5.5. For any vertex v € Ver(A), if j : {S,dS) — > ('Wy,&Wv) is a properly 
piecewise-linearly immersed oriented compact surface, then: 

Area(y(5)) > 4 (sinh(|) - sinh(|)) • .f^iMdS]), 

where j^ldS] 6 dtH2('Wy,d'Wy;Z). The same holds for any edge e e Edg(A) in place of 
V above. 

Remark 5.6. An elementary computation in hyperbolic geometry yields that 4 sinh( f ) is the 
Euclidean length of the shortest geodesic on the boundary of a hyperbolic horocusp whose 
injectivity radius is at most e (realized at points on the boundary). Moreover, the right- 
hand side of the inequality may be replaced by (l - 4 sinh (f )j ■ yf^^iJ^ldSJ), if one takes 
mutually disjoint maximal horocusps instead of the Margulis horocusps in the definition of 
'We. This follows because the length of shortest geodesic on each component of dWe in this 
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Figure 3. A cartoon of A^ near a piece /,. with three adjacent tori. The 
neighborhood "W^, of 7,, is shaded in light grey. The image of M*-' under 
/ is straight outside the f/^'s. In the box is the correponding part of the 
graph A of the geometric decomposition. 



case is at least 1, (cf. [Ad]). The author thanks Ian Agol for this interesting improvement, 
although we shall only use the weaker inequality above to avoid technicalities. 

Proof. We only prove the vertex case, and the edge case is similar Let v € Ver(A) be a 
vertex. Write Edg(v) for the edges adjacent to v, and Edg(e) for the two ends of an edge 
e. As A is loopless, e e Edg(v) has two ends 6, S, corresponding to the two components 
of 'We \ 'Ue which we write as 'Wi,'Wjj respectively. Suppose jt[dS] = YjeeEds(v)^e, 
corresponding to the direct-sum decomposition: 



//i(5^,,;R)= ^ Hi(Te;R). 

eeEdg(v) 

It follows from an easy calibration argument that the area (or the horizontal-area) of j{S ) n 
'Ws is at least 4(sinh(f-) - sinh(|)) ■ -y/qy^^o^, for any 6 € Edg(e) and any e € Edg(v), 
where Js c J' denotes the piece corresponding to the vertex that e is adjacent to on the end 
6, (cf. Subsection 3.2 for the definition of qyj. We have: 

Area(;(5)) > Xi Z 4 (sinh(|) - sinh(| 



ceEdg(.0 tfeEdg(e) 

> 4 



)]■ yl^JJoej 
(sinh(^)-sinh(|)j- 1 ^ ^ qy,(a,) 

\ eeEdg(i') seEdg{e) 

= 4 |sinh(^)-sinh(-)|- I ^ q^(ae) 

^ ^ ^ ' "y^eEdgCi.) 

= 4 (sinh (|) - sinh (|)) ■ ^q^(;;[55]), 



as desired. 



The next lemma relates the domination assumption to the geometry of W^'s and ^,.'s. 
For this purpose, suppose / has already been pulled straight satisfying the conclusion of 
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Lemma 5.4. For any vertex v e Ver(A), we write M^ for / '(^r) ^ M*-', and M*?* for 



/ ^(d'Wv) n M^~\ For any edge e e Ver(A), we write M),^ , MzL with similar meanings. 



^(2) ^(2) 

Lemma 5.7. If f : M ^ N has nonzero degree, then the induced homomorphism: 
fU : H2{m'^,m'"^;, R) ^ //zCW,,,^^,,; R), 

/i surjective for any vertex v e Ver(A). The same holds for any edge e e Edg(A) in place 
ofv above. 

Proof. We only prove the vertex case, and the edge case is similar. This basically follows 
from the Poincare-Lefschetz duality. We first decompose the homomorphism /!» as: 

H2(M^,M^^;R) 



H2iM^^\M^^^-, R) ^^ H2(M,M^^l^J, R) ^^ H2(N,N\'W,; R) 



//2("W,,,5W,,;R), 

where the vertical isomorphisms are homology excisions. The homomorphism ;* induced 
by the inclusion is surjective by the long exact sequence of relative homology: 

» H^{M^^\ M*-^ . ; R) -^ H^iM, M^^' . ; R) — ^ H2{M, M'-*; R) — ^ ■ ■ ■ , 

where H2{M, M*^'; R) = 0. It suffices to show /, is surjective. 

Because f : M ^> N has nonzero degree, the commutative diagram: 

H^{N, N \ W„; R) — — > H\M, m'"' . ; R) 



H\N; R) — - — > H\M; R), 

implies that /* is injective on the third R-coefficient relative cohomology. Thus, 

/* : H*(N, N \ "W,; R) ^ H*{M, M*"' . ; R), 
is injective on all dimensions, following from the commutative diagram: 

H'{N - N \ "Wy- R) X H^-\N, N \ nV„; R) > H\N, N \ "W,; R) 



H'{M - M*^' . ; R) X H^-'(M, M^^' . ; R) — ^^-^ H\M, M*"' . ; R), 

where the cup-product pairings are nonsingular and the rightmost vertical homomorphism 

is injective. 



^(2) 
A'\' 

dimensions, and in particular, on dimension two as desired 



Therefore, /. : //.(M, M*"' . ; R) ^ H,(N, N \ 'W,; R) is indeed surjective on all 



Observe that every //2(M^ , m'-^ ; R) and every //2(M^ , M^^ ; R) has a spanning 
set of bounded area: 
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Lemma 5.8. For any vertex v € Ver(A), there is an ^-spanning set of H2{Mi/, , Mil, ; R) 
whose elements are represented by relative X-cycles each with area bounded by A{2t), 
where A{n) — 27"(9«^ + 4n)7r and t is the number of tetrahedra in the triangulation of M. 
The same holds for any edge e € Edg(A) in place ofv above. 

Proof. The argument basically repeats that of [AL, Lemma 3.4], solving integral linear 
equations associated with presentations of the relative homology modules. The only dif- 
ference in our situation is that besides the handles and isolated disks described there, 

(21 

hr^y may contain some 'cornered handles', namely sectors whose boundary contains a 
0-simplex of M. To adapt to the previous argument, one may remove an open regular neigh- 
borhood N of M(0' in M^^ , namely, let M^_ = M® \ N, and let Mf^ = (M^f^_ UN)\N. 
Then the argument of [AL, Lemma 3.4] works perfectly for the pair (M\l , Mg^^ ) in place 
of the pair {Ky, Kqv) there. As //2((M^ , M^^^ ); R) s HoiM^^ , M^^ ; R) via an obvious 
quotient map M)J, — » M^^ , we obtain an R-spanning set of H2{M)^ , M' ; R) repre- 
sented by relative Z-cycles of area at most A(2t) from that of HxHM^^ , M^^ ); R). D 

We need another a priori estimation before proving Proposition 5.3: 

Lemma 5.9. For any vertex v 6 Ver(A), if a\, ■ ■ ■ ,0^ are elements of dtH2{'Wy, d'Wv; Z) 
spanning d^Hii'Wy, d'Wy; R) over R, then for at least one I < k < m. 



{. 



The same holds for any edge e G Edg(A) in place ofv above. 

Proof. This is a Minkowski-type estimation for lattices. Without loss of generahty, we 
may assume that m is minimal, and hence equal to the valence of v. Consider the volume 
of the parallelogram spanned by the q-z's with respect to the inner product induced by q^ 
on dMii'W,, dW,; R), then clearly: 

n V^0(^ ^ I det(a,, ■ ■ ■ , a„„)| ■ ^A(5,//2(nV,„ 5nV„; Z), q^), 

1=1 
where det(Q'i, ■ ■ ■ , a,,,) is the determinant regarding a/'s as column coordinate vectors over 
a basis of d^H2i'Wv, 5^,,; Z), which is a nonzero integer and hence at least one in absolute 
value. Thus, 

/=i 
by the definition of vertex distortion. The lemma follows immediately from this estimation, 
and the edge case is similar. D 

We are now ready to prove Proposition 5.3. 

Proof of Proposition 5.3. As the number of vertices and edges of A is already bounded 
in terms of the Kneser-Haken number of M (cf. [BRW, Lemma 4.2]), it suffices to show 
%{<p) for any vertex v e Ver(A) and ^e{<l>) for any edge e € Edg(A) are both bounded in 
terms of the triangulation number f of M. We only prove the vertex case, and the edge case 
is similar. 

Let V € Ver(A) be a vertex. With the notations of this subsection, we pull straight the 
nonzero degree map f : M ^ N so that it satisfies the conclusion of Lemma 5.4. By 
Lemma 5.8, there is an R-spanning set [5 1], ■ ■ ■ , [S,,,] of H2iMl^ , M„l, ; R) represented 



20 YI LIU 

by relative Z-cycles each with area bounded by A{2t), where A{n) = 27"(9«^ + 4n)7r. From 
the construction, these relative Z-cycles can be regarded as proper immersions of compact 
oriented surfaces: jt : {Si,dSi) -^ {'Wy,d^i.), where 1 < / < m. By Lemma 5.5, 

■^l^dMdsJ) < - (sinh (|) - sinh (|)) ■ AreaO'K^ ,)) 

< i (sinh (|)- sinh (|)) '-4(20, 

for any I < i < m. Note ji,[dSi] = d,ji,[S i] e dMii'Wv, d^V,; Z) for any 1 < / < m. On 
the other hand. Lemma 5.7 impUes that all the j,,[55,]'s together span dtH2i'Wv, cHV,.; R) 
over R, provided that / has nonzero degree. Thus, by Lemma 5.9, 

%W < max Jq^Ui^ldSi]) < ]■ (sinh(^) - sinh(^)) ' ■ A(2t). 
i<i<in y 4 \ Z Z / 

As 6 > can be arbitrarily small, we obtain: 

where the right-hand side depends only on t as desired. In fact, one can show ^v{<f>) ^ A{2t) 
with the stronger estimation as in Remark 5.6. □ 

Combining Lemma 5.2 and Proposition 5.3, we have proved Proposition 5.1. We close 
this section by summarizing the proof of Theorem l.L 

Proof of Theorem 1.1. Suppose M is an orientable closed 3-manifold dominating an ori- 
entable closed irreducible non-geometric 3-manifold A^. As explained in Section 2, there 
are at most finitely many allowable homeomorphism types of the geometric pieces of A^, 
and the number of geometric pieces in the geometric decomposition of A^ is bounded in 
terms of the Kneser-Haken number of M. Thus there are at most finitely many possible 
preglue graph-of-geometrics so that A^ is obtained from one of them via a nondegenerate 
gluing. By Proposition 5.1, the primary distortion &{N) is bounded in terms of M, so 
by Proposition 4.1, there are at most finitely many allowable nondegenerate gluings up to 
equivalence. Hence we conclude that there are at most finitely many allowable homeomor- 
phism types of A^, as equivalent gluings yield homeomorphic 3-manifolds. n 

6. Domination of bounded degree 

In this section, we prove Corollary 1.3. First observe the following simplification: 

Lemma 6.1. If Corollary 1.3 holds under the assumption that the target is a closed ori- 
entable Seifert-fibered 3-manifold over an orientable base and with nontrivial Euler classes, 
it holds in general as well. 

Proof. One may first reduce the statement of Corollary 1.3 to the case when the target 
is irreducible, because any orientable closed 3-manifold 1 -dominates any of its connected- 
sum components in the Kneser-Milnor decomposition, and because the number of connect- 
sum components in the target is bounded in terms of the Kneser-Haken number of the 
source. Moreover, Theorem 1.1 reduces the statement to the case of geometric targets, 
and Theorems 2.1, 2.2 reduce the statement to the case when the targets support one of 
the geometries S^, Nil or SL2. These are precisely closed orientable Seifert-fibered 3- 
manifolds with nontrivial Euler classes. To further reduce to the case when the base- 
orbifold is orientable, we apply the same argument as that of Lemma 5.2, getting rid of 
essentially embedded Klein-bottles. □ 
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Now it suffices to show the following proposition. 

Proposition 6.2. For any integer d > 0, every orientable closed 3-manifold d-dominates 
at most finitely many orientable-based Seifert-fibered 3-rnanifijlds with nontrivial Euler 
class. 

Proposition 6.2 is known when d equals one, due to Claude Hayat-Legrand, Shicheng 
Wang, Heiner Zieschang for the S^-geometric case ([ilWZ]), and due to Shicheng Wang, 
Qing Zhou for the Nil-geometric and the SL2-geometric cases ([WZ]). Their arguments 
almost work for the general case, but one needs to strengthen a lemma used in both of the 
papers bounding the size of torsions in the first homology of the targets for general li > 0. 

Lemma 6.3 (Compare [HWZ, Lemma 3], [WZ, Lemma 3 (1)] ). For any integer d > Q, 
if M is an orientable closed 3 -manifijld d -dominating an orientable closed 3-manifoldN, 
then: 

|Tor//i(A?;Z)| < c/ ■ |//i(M;Zj)| ■ |Tor//i(M;Z)|, 
where Tor denotes the torsion submodule, and \ ■ \ denotes the cardinality. 

Proof. This follows from an easy algebraic topology argument. Suppose / : M — > A^ is a 
map of degree d (after approriately orientate M and A^), then the umkehr homomorphism: 

f : H,iN;Z) ^ H4M;Z), 

is known as /1(a) = [M] ^ f*{a) for a e H,{N;Z), where a e H^^*(N;Z) denotes the 
Poincare dual of a. It is straightforward to check f*°f. : H^iN; Z) — > H,{N; Z) is the 
scalar multiplication by d. In particular, d ■ Tor Hi (N; Z) is surjected by f (Tor Hi (N; Z)) < 
Tor//i(M; Z). On the other hand, from the long exact sequence: 

> HiiN-Z) -^ Hi{N-Z) -^ Hi(N;Zd) — > 0, 

we have TotHi{N;Z) / d ■ TorHi{N;Z) < Hi{N;Zd). Note as / : M -> A^ has degree 
d, the image of Hi (M\ Z^) in Hi (N; Zj) has index at most d. This gives our inequality as 
desired. n 

Proof of Proposition 6.2. With Lemma 6.3, it follows from the same argument as in [HWZ] 
and [WZ]. For the reader's reference, we give a brief outline as below. We shall denote an 
orientable closed Seifert-fibered 3-manifold slsN - Y,(g; bo,—,- ■ ■ ,—), normalized so that 
s,g > and bo are integers, and that < /?, < a, are coprime integers for I < i < s. Such 
a Seifert-fibered 3-manifold fibers over the orientable 2-orbifold Fg(ai, ■ ■ ■ ,flj), namely 
the orientable closed surface of genus g with cone-points of order fl,'s, which has Euler 
characteristic: 



= 2-2^-y(i--), 

^—i a: 



X ■ 

(=1 

and the Euler class of the fibration (as a rational number) is: 

e^-bQ-Y-, 
and the torsion size in its first homology is: 

s 

|Tor//i(A?;Z)| = H-]~[fl,-, 
as we have assumed e i^ 0. 
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Suppose M is an orientable closed 3-manifold (i-dominating an A^ as above with e ^ 0. 
Following [HWZ] and [WZ], we consider cases according to the sign of ;if, respectively. 

When;if > 0, we have g = and s < 3. For < i < 2, A^ is a lens space (possibly the 
3-sphere), so there are only finitely many allowable A^'s up to homeomorphism by [HWZ, 
Corollary 1], using the linking parings on TotHi(N;Z). For i = 3, A^ is either a prism 
3-manifold S(0; bo, \, \, ^), or of one of the types S(g; ^0,3,^' |)' ^^^^ ^0, 5, T' |)' °"" 
Z(g; ho, ^, y , y). For the latter three types, ^2, ^3 are automatically bounded by their de- 
nominators, and one can bound ho by Lemma 6.3 and by the formulae above. For the 
prism case, A^ admits a Z2-action whose quotient is a lens space L with ii\{L) isomor- 
phic to either 'Li-\a^ba^bi-a^\ or 'L\a^ba^bT,-a^\, according to 03 being odd or even respectively, 
so \a^ho + h^ - fl3| are bounded by the lens space case as M 2rf-dominates L. Because 
the torsion-size comparison bounds la^ho + hj, + a^l, and because < ^3 < a^, we have 
upperbounds on l^ol, oj, hy, in this case as well. Thus there are at most finitely many home- 
omorphically distinct A^'s with;\^ > 0. 

When;if = 0, there are only finitely many allowable values of s, g and fl,'s by the formula 
of^. For each possibility, there are only finitely allowable values of ^,'s because < /?, < a, 
for \ < i < s, and because ho can be bounded by the torsion-size comparison. Thus there 
are at most finitely many homeomorphically distinct A^'s with;\^ - 0. 

When;\^ < 0, we have;\^ - "Ji realized when the base-orbifold is the turnover Fo(2, 3, 7). 
Using the Seifert volume introduced in [BG], we have SV(M) > d ■ SV(A^) = \e\~^x^d, (cf. 
[WZ, Lemmas 3 (2), 4 (3)]). Thus |e| is bounded from zero in terms of M. By Lemma 6.3 
and the torsion-size formula above, we can bound the s and the values of fl,'s. This in turn 
yields an upperbound of \ho\ applying the torsion-size comparison again. Thus there are at 
most finitely many homeomorphically distinct A^'s with;^^ < as well. This completes the 
proof of Proposition 6.2. n 

Proof of Corollary 1.3. It follows immediately from Lemma 6. 1 and Proposition 6.2. n 

7. Conclusion 

We would like to view Theorem LI and Corollary 1.3 as results about maps between 
3-manifolds. A couple of further questions are suggested. 

Question 7.1. Which groups surject at most finitely many isomorphically distinct funda- 
mental groups of aspherical 3-manifolds? 

Such group are sometimes said to be tiny. For example, virtually solvable groups are 
tiny groups. It seems that our techniques imply that finitely generated groups with vanish- 
ing first Betti number are also tiny. 

Let M be an orientable closed 3-manfold. For any integer d > 0, denote the number of 
homeomorphically distinct 3-manifolds dominated by M of degree at most d as TM{d). By 
Corollary 1.3, TM{d) is a positive finite integer. 

Question 7.2. Is it possible to decide tm for d > sufliciently large? 

It is an old problem to decide whether a given orientable closed 3-manifold M dominates 
(or fif-dominates) another given A^ ([Wa, Question LI]). Question 7.2 is supposably a much 
weaker version of that problem. 

Question 7.3. For an orientable closed nontrivial graph manifold A^, is there an explicit 
bound of its Seifert volume SV(A^) in terms of its graph A(A^) and its average distortions 
^,,(A^)'s and ^,(A^)'s? 
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This question is motivated by the fact that the Seifert volume (cf. [BG]) also reflects the 
complexity of gluings. More generally, we wonder if there is a more insightful definition 
of the 'global distortion' of an orientable closed 3-manifold A^, other than the primary 
distortion S>{N) introduced in this paper. 
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